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Review

• Step and impulse functions
• ConvolutionConvolution 
• Fourier transform

– Sinc function
– Dualityy

• Sampling
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Impulse & Step (discrete)p p ( )
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Convolution of continuous signalsg

• Convolution integral

Question 1: x(t)* δ(t) = ?
Question 2: x(t)* δ(t-t0) = ?Question 2: x(t)  δ(t t0)  ?



Convolution Integralg
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好累 還是交給電腦好了好累，還是交給電腦好了…



Convolution of discrete‐time signalsg

• Convolution sum



Convolution Sum





Propertiesp



QuizQ

• x(t) * y(t) = ? x(t)

(t)y(t)

……



Fourier Transform
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Propertiesp



Sinc function
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Sinc with different W



Properties: dualityp y



Properties: dualityp y

廣義的
i fFourier Transform

Duality



Samplingp g

Aliasing!



S li i d TSampling period: T
Sampling frequency: ωs=2π/T



Sampling Theoremp g

• Let x(t) be a band-limited signal with X(ω)=0 
for |ω| > ωM,for |ω|  ωM,    
then x(t) is uniquely determined by its 

l ( T) 0 1  2 ifsamples x(nT), n = 0, 1,  2,…, if
ωs >  2 ωMs M

where 





Aliasing





Continuous‐time Fourier Transform
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Discrete‐time Fourier Transform

• Discrete in time domain
• Continuous and periodical in frequency 

domaindomain
• Ω = -π ~ +π corresponds to -fs/2 ~ +fs/2 



How to create the discrete form in the 
freq enc domain?frequency domain? 

Periodic

DiscreteDiscrete

What if x is discrete and 
periodic?periodic?



Discrete Fourier Transform (DFT)( )
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Both x[n] and X[k] are periodic with a cycle of 
N points, and                .

N
p ,



延伸一下延伸一下

剛剛說的東西通通都可以推廣到• 剛剛說的東西通通都可以推廣到2D
– Delta function: δ (x, y)( , y)
– Convolution








  ddyxhfyxg ),(),(),(

– Sampling theorem
– Fourier transform



2D ‐ Fourier Transform

f (x y) dx dy f (x, y) dx, dyyx  ,



Properties of 2D‐FTp



2D sinc function:2D sinc function:



2D – sinc function

f(x y)f(x, y)

A
2D-FT

y
Y/2

x
X/2

A, X, Y are constants., ,



Rectangles in spaceg p



2D Fourier transform

L f  l l iLow-freq.  slowly varying
High-freq.  edges, or noise



Image Enhancement in the 
Frequency Domain



Basic scheme of filteringg
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Basic filter
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Basic filter: DC rejectionj



FilteringFiltering



Ideal Low‐pass Filterp



Percentage of Powerg

• D0  cutoff frequency
• Percentage of power:• Percentage of power:

D0 D0



Percentage of Powerg



(a) original

Notice the 
“ringing” in b‐f

(b) D0 = 5

(d) D0 = 30(d) D = 15 (d) D0  30(d) D0 = 15

(f) D0 = 230(f) D0 = 80



Recall: convolution

x(t)x(t)

y(t)

……

x(t)*y(t)

• x(t) * y(t) =
……



2D convolution
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2D convolution
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Butterworth Lowpass filterp

ILPF H( )• ILPF H(u,v)

1

D(u v)D0

1

• Butterworth

D(u,v)D0

Butterworth



Frequency

n = 1 n = 2 n = 5 n = 20

Space



(a) original

Butterworth LPF 
(n = 2)

(b) D0 = 5

Ringing disappear!

(d) D0 = 30(d) D = 15 (d) D0  30(d) D0 = 15

(f) D0 = 230(f) D0 = 80



Gaussian Lowpass Filterp



(a) original

Gaussian LPF 
Also no ringing!

(b) D0 = 5

Also no ringing!

(d) D0 = 30(d) D = 15 (d) D0  30(d) D0 = 15

(f) D0 = 230(f) D0 = 80



沙龍照都要這麼做…沙龍照都要這麼做



High Pass Filtersg

• IHPF

• Butterworth Filter



Frequency 
domain



Image domain



IHPF

BHPF

GHPF

D0 = 30 D0 = 60 D0 = 160



Application of HPF on X‐ray imagepp cat o o o ay age



Laplacian in frequency domainp q y

• In image domain,

i

• In frequency domain

Fourier 
transform

• In frequency domain,



Selective filteringg

• Bandreject and bandpass filters
– Specific bands of frequency components arep q y p

rejected or passed after filtering.
H (u v) = 1 H (u v)HBP(u, v) = 1- HBR(u, v)

H H
• Notch filter

One or more small regions are passed or rejected

HBR HBP

– One or more small regions are passed or rejected.



Bandreject filtersj



Notch filter

• Zero-phase-shift filter symmetric about the
center of frequency domainq y

• Notch reject filter:

H ( ) d H ( ) HPF h– Hk(u, v) and H-k(u, v) are HPFs whose centers are 
at (uk, vk) and (-uk, -vk) 



Example: 
N t h j t filtNotch reject filter



f (x, y) : 
674*674 image of g
Saturn rings

F(u, v)

Notch reject filter HNRotc eject te

Notch pass filter HNP



Review 

• Basics of signal processing
– Convolution 
– Fourier transform

Sampling theorem– Sampling theorem

• Image enhancement in frequency domain
– LPF HPF selective filteringLPF, HPF, selective filtering
– 絕對不只這些…



生醫影像研究方法：
空間頻譜與頻譜濾波空間頻譜與頻譜濾波


